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Abstract

We consider the problem of allocating multiple objects to agents via an auction
by using “points” as in the “Course Bidding System” which is employed by several
business and law schools to allocate course seats to students. We assume that
each agent has a fixed amount of divisible “points” which can only be used for
bidding purposes and have no monetary value. Each agent simultaneously bids for
the objects, and each object is allocated to the agent who bids highest for that
object. This game is equivalent to the classical Colonel Blotto game. We consider
an incomplete information setting where each agent has multidimensional private
information regarding valuations for multiple objects and solve for a Bayes-Nash
equilibrium of this game for a class of value distributions when there are two agents
and n > 2 objects. Furthermore, we show that for all the value distributions for
which we can solve for equilibrium in closed form, every type of agent has a higher
interim payoff under this allocation method compare to any other allocation method
that depends only on ordinal preferences.

Keywords: Colonel Blotto game; incomplete information; allocation without
transfers.
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1 Introduction

It is unfair or undesirable to use monetary transfers in many real-life situations. Allo-
cating office spaces to workers, students to public schools, course seats to students are
notable examples among many others. It is also important to increase efficiency to the
maximum possible extent in such situations. Recently, many business and law schools
have adopted a system based on an auction where “points” are used for bidding to allo-
cate course seats to students, the so-called “Course Bidding System”, in order to create
a fake market environment in the absence of monetary transfers in the hope of allowing
students with the highest desire for a course to take that particular course.

Although there are several complexities, this system mainly allocates course seats to
students as follows. Students are given a positive bid endowment, the so-called points,
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and they bid for the courses by using these points. Students with highest bids for a
course, up to the number of available seats, are assigned a seat in that course.!

Inspired by this system, we consider the problem of allocating goods to agents via
an auction where only “points” can be used for bidding.? In particular, we assume that
there are n > 2 distinct objects to be allocated to m = 2 agents. We consider a standard
Bayesian setting in which each agent has private information regarding his/her values for
the objects. Each agent is endowed with divisible points in the amount of B > 0 which is
commonly known and can only be used for bidding. Fach agent simultaneously submits
bids for each object under the “budget” constraint. Then, each object is given to the
agent who submits the highest bid.®> We, furthermore, assume that preferences of agents
over bundles of objects are additively separable. That is, the payoff of an agent from a
bundle is just the sum of his/her values for the objects included in that bundle.

The auction game considered here is equivalent to the classical Colonel Blotto game,
which was introduced by Borel (1921). In the original version of this game, there are
two colonels and each has a unit of military resources. The colonels are going to fight
in several battlefields.* Each colonel simultaneously chooses how to distribute limited
resources across the battlefields. At each battlefield, the colonel who has higher resources
wins and each colonel’s payoff is equal to the number of battlefields at which he has
won the fight. That is, each battlefield is equally valued by each colonel. Note also that
colonels only care whether they win the fight at a battlefield. That is, gone resources are
sunk costs that do not affect colonels’ payoffs.

Although the Colonel Blotto game has been first considered in such a military sit-
uation, it has several applications in a variety of political, social and other competitive
situations in addition to the course bidding system as mentioned. Political campaigns
constitute one example in which a similar situation arises. Political parties should decide
how to allocate their resources to attract voters, and they only care whether they win
the election. Another application might be trials in which lawyers have to decide how
much resource (time, effort) to allocate into different lines of defense to be able to “win”
against other lawyer. Several other situations such as lobbying, competing in sports can
be considered as applications of this game.

We consider the Colonel Blotto game when each agent’s values for objects are privately
known and agents’ values may be different from other agents’ values. More precisely,
each agent’s private information is an n-dimensional vector that consists of values for
each object. Our results are two-fold. First, we look for a Bayes-Nash equilibrium of
this game. Although it is in general hard to obtain closed-form expressions for equilibria
when there is multi-dimensional incomplete information in such problems, we were able
to do so in some cases. We first consider the case when there are n = 2 objects. In that
case, agents have a (weakly) dominant strategy to bid all their points in the object that

!'Northwestern Kellogg, MIT Sloan, Wharton, Yale School of Management, Columbia Business School
and University of Michigan Business School are among many others that employ variants of such an
auction to allocate course seats to students. We refer the reader to Sonmez and Unver (2010) for further
details about this system.

?Note that we will not try to formalize and/or solve for the “Course Bidding System”. We will
consider a simpler allocation problem. We just borrow the idea of “allocation with points” from this
system.

3Ties are resolved by a fair coin toss.

4In the original version, there are 3 battlefields.



they value more. Note that this strategy does not depend on any information regarding
intensity of the preferences. It just depends on the ordinal ranking over objects. Next,
we consider the case when n > 2. In this case, the equilibrium strategies depend on the
intensity of preferences, namely on cardinal preferences. For a class of value distributions,
we obtain simple closed-form expressions for an equilibrium in this case.

The original Colonel Blotto game dates back to 1921. The solution to this game is
given by Borel and Ville (1938) when there are 3 battlefields, and later by Gross and
Wagner (1953) for more than 3 battlefields, and valuations are identical both across bat-
tlefields and agents. Roberson (2006) analyzes the game allowing for asymmetric budgets.
Hortala-Vallve and Llorente-Saguer (2012) and Thomas (2018) consider the problem when
colonels have asymmetric and heterogeneous battlefield valuations. Importantly, all these
papers consider the problem under complete information: Each colonel knows the bat-
tleship valuations of the other colonel and also know the budget (total resources) of the
other colonel.

There are just a couple of papers that investigate the Colonel Blotto game under
incomplete information. Adamo and Matros (2009) study the Colonel Blotto game when
there is incomplete information about agents’ budgets but battleship valuations are com-
monly known. Kovenock and Roberson (2011) (KR, henceforth) consider an environment
similar to ours in which agents have private information about their valuations and agents’
budgets are symmetric and commonly known. KR solve for equilibrium for the case of
3 battlefields and 2 agents when each agent’s value is independently and symmetrically
drawn from one special value distribution, namely, the uniform distribution over the unit
sphere on the nonnegative orthant for which the marginal distributions are uniform dis-
tribution over [0, 1]. In a more recent paper, Ewerhart and Kovenock (2019) extend the
example of KR by solving for equilibrium for the case of (n + 1) battlefields and n agents
when each agent’s value is again independently and symmetrically drawn from the uni-
form distribution over the generalized unit sphere for which the marginal distributions
are still uniform distribution over [0, 1] as in KR. We, on the other hand, solve for equi-
librium for the case of n > 2 battlefields and two agents when agents’ values are drawn
(possibly) asymmetrically for a larger class of value distributions, not restricted to the
uniform distribution, and the values are allowed to lie in more general domains than the
unit sphere.

Second aspect of our results will be on welfare properties of this allocation method,
which are nonexistent in related papers. In many real-life applications, allocation rules
that only use ordinal preferences of agents over agents are predominantly used when
transfers can not be used. In assigning students to public schools, students report their
ordinal rankings over schools and a predetermined algorithm determines the assignments
given students’ ordinal preferences. The so-called Boston mechanism and the well-known
Deferred Acceptance (DA) mechanism are currently the most widely-used mechanisms
in many school districts in the US.5 Another ordinal mechanism, the Random Serial
Dictatorship (RSD) mechanism in which an order over agents is randomly determined
and following the order each agent chooses the object he wants among the available

% Although school choice problem is different from the problem at hand since in school choice problem
there are multiple copies of objects (school seats) and each agent (student) can only obtain one object
and also it is a two-sided problem, we present these examples to emphasize the extensive use of ordinal
mechanisms in practice.



objects, is a very popular mechanism that has been used extensively in many allocation
problems when monetary transfers are not allowed.

Although assignment rules that only use ordinal preferences are predominantly used
in applications and in the literature, it is not clear why we should restrict ourselves
to such rules.® “Auction with points”” is another way to allocate objects to agents
without monetary transfers, as in allocating course seats to students, and its outcomes
can depend on not only ordinal preferences but also cardinal preferences.® Therefore,
it is important to understand how this mechanism compares to the other mechanisms
in terms of welfare of agents. For the cases we could obtain closed-form expressions
for equilibrium for the Blotto game, we compare allocating objects via an auction with
points to incentive compatible ordinal mechanisms and we show that each type of agent
has a higher interim payoff under the Blotto game than any other ordinal mechanism.
Allocating via an auction with points is a mechanism that is easy to implement in many
real-life situations, which is already used in practice as in the aforementioned Course
Bidding System. Therefore, welfare superiority of this mechanism over the widely-used
ordinal mechanisms may have significant policy implications.

The remainder of this paper proceeds as follows. First, we introduce the formal model,
and we solve for equilibrium first for n = 2 and then we obtain equilibrium for a class
of value distributions when n > 3. In Section 3, we compare the welfare of agents under
the Blotto mechanism to ordinal mechanisms. Finally, we conclude.

2 Model

Assume that there are m = 2 agents and n > 2 objects. Each agent ¢ derives a value
v > 0 from obtaining object j. Assume that v’ = (v},...,v;) is independently drawn
from a distribution G; over [Qi, W]n. The payoff of an agent is just the sum of his values
of objects he gets.

Each agent has divisible bid endowment (points) in the amount of B > 0 and this
is commonly known. Agents, after privately observing their valuations, simultaneously
choose how much to bid for each object where the sum of bids is B.° That is, agent 4

chooses a bid vector (b}, ...,b%) € [0, B]" such that

En:b;i = B.
j=1

For each object, the agent who has the highest bid for that object gets the object and if
there is a tie, the agent who gets the object is determined by a fair coin toss. Monetary
transfers are not allowed and only points can be used for bidding.

We want to solve for Bayesian Nash equilibrium of this game. We denote a pure

strategy as ' : [v',7]" — [0, B]" such that 8’ = (6;)?:1 and for all v! = (vi,...,0"),

6Che and Kojima (2010) similarly states that only using ordinal preferences in many assignment rules
is unclear but they take it as given in Footnote 3.

"We will sometimes refer to this method as the “Blotto mechanism” from now on.

8Except the case when there are n = 2 objects as we have discussed above.

9Since points have no value other than bidding, agents will always use all of their points.



B; (v') € [0, B] and

Firstly, we consider the case when n = 2.

Proposition 1 Assume that there are n = 2 objects to be allocated and agent i’s values
are independently drawn from distribution G; (.,.). Then, a strategy in which each agent
bids all points on the object with a higher valuation is a weakly dominant strategy. More
precisely, any strategy with

. (B,O) Zf V1 > Uy
6(,0171}2) o { (0, B) Zf V1 < Vg

18 a weakly dominant strateqy for each agent. That is,

Proof. Consider agent 1 with type (vi,v9). Assume that v; > v,. Consider a strategy
of agent 2 and let B? be the random variable denoting agent 2’s bids on 0;. Now, by
bidding (B, 0), the expected payoff of agent 1 is

Pr (B2 = B) (UI;w) +Pr (B2 < B) v (1)

since if agent 2 bids B on first object this means that bids of agents for both objects are
the same, therefore, each agent will get each object with probability % and when if agent
2 bids less than B on o; which means that by bidding a positive amount on o9, agent 1
will get 0; and agent 2 will get os.

Similarly, by bidding (b,1 —b), 0 < b < 1, agent 1’s expected payoff is

V1 + V2

Pr (Bf>b)U2+Pr(Bf:b)( )+Pr(Bf<b) ” @)

V1 + Vg

= Pr(Bf:B)vz+Pr(B>Bf>b)v2+Pr(Bf:b)( >—|—Pr(Bf<b)v1.

By bidding (0, B), agent 1’s expected payoff

Pr (B2 > 0) vy + Pr (B? = 0) <”“2L”2>. (3)

Note that (1) > (2) > (3). Thus, when v; > vy, for any bid distribution of agent 2, B2,
it is (weakly) better to bid (B,0) than any other possible bid. Similarly, for v; < v, for
any bid distribution of agent 2, B?, it is (weakly) better to bid (0, B) than any other
possible bid.. For v; = vs, agent is indifferent among all possible bids.

Furthermore, note that the above arguments similarly applies to agent 2. Hence, we
have the desired result. m

Note that when there are n = 2 objects, the equilibrium of this game only depends
on ordinal preferences. More precisely, an individual bids all his points on the good he
prefers more regardless of the intensity of preferences. However, when there are n > 2



objects, this is not true anymore and equilibrium strategies can depend on the preference
intensities for goods as the results below will demonstrate.

First, we solve for equilibrium of this game for a certain class of value distributions
when n = 3.

Proposition 2 Assume that agent 1 and 2’s values are independently drawn from con-
tinuous distributions G (v1,vq,v3) and G (wy, wy, w3), respectively, such that densities
are of the following form:

g1 (v1,02,03) = 1 ((U% + 05 + Ug))
and
g2 (w17w27 w3) = §2 ((w% + w% + wg)) ’
where g1 and go are measurable functions on R, such that

o0

~ 4
/gl- (z)x2dy = =10
7r

0
Then, the following is a symmetric equilibrium

2 2 2
U7 U3 U3 )

b b
vi+ vl +ui v+ ud 403 0P 02 + 0l

6(1}17027’03) == <

Proof. See the Appendix. =

That is, as long as the density functions depend only on the sum of squares, regardless
of the support of the distribution and without requiring symmetry across agents, we
obtain an equilibrium in closed-form. Furthermore, for any measurable function g; that
satisfies the given requirement, g; becomes a density.

Some examples of densities that satisfy the given condition are as follows.

Example 1 Let g(z) = %7? exp (— (z)) when x > 0. Note that

/W\S/E exp (— (z)) vidy = %

0

Hence, for g (vi,vq,v3) = %exp(—(v% +v3 +v2)), v1,v2,v3 > 0 we have the result.

Note that this is the density if vi, vy, v3 comes independently from Generalized Gamma
Distribution with parameters (a,d,p) = (1,1,2) where general density of this distribution
. 21— (8)"
15 gen by (CL%T

p

, x > 0. That s, each v; is independently from a distribution

with density

f(x):iexp(—x), x > 0.

VT

10This makes sure that g; (v1,v2,v3) is a density function.




Example 2 Let g(z) = g if 0 <2 <1 and 0 otherwise. Then,

6
g (v1,v2,v3) = — ifv% —l—vg —|—v§ <1.
™
That is, if (v1,ve,v3) is uniformly distributed inside the unit sphere.

Example 3 Let §(z) = 2 if 1 <2 <4 and 0 otherwise. Then,

6 .
9(01702,v3):7—7r Zf1<U%+U§—|—U§S4,

That is, if (v1,vq,v3) is uniformly distributed inside sphere with radius 2 but outside the
unit sphere.

Similarly, we next solve for a symmetric equilibrium of the Colonel Blotto game for a
class of distribution functions for n > 3. The proofs are relegated to the Appendix.

Proposition 3 Assume that there are n > 3 objects. Assume that players’ values are
independently drawn from continuous distributions Gy (vy, ..., v,) and Gy (wy, ..., w,) such
that densities are of the following form.:

3—n __ n—l n-1
g1 (v1,v9,v3) = [v1...0,] "2 g1 (<Uf2 + .. —i—v,?Q))

and
3on = =
g2 (w1, wa, w3) = [V1...0,] "2 Go ((vf R S S T 2)) ,
where g1 and go are measurable functions on R, such that

7§i(x)xrli1dx:1—‘ (nil) (F(%))n <Z:;>nn

0

Then, the following is a symmetric equilibrium

n—1 n—1 n—1

,Un—2 n—2 ,Un—2
1 n
/B(Ul,UQ...,Un) = n— n—1 B7 1B7"'7 n—1 n—1

I i1 i1
L T Ve SR o A (O T o

B

n— n—

Proof. See the Appendix. m
One distribution example that satisfy the sufficient conditions listed in the Proposition
is as follows. Other examples can be easily constructed.

Example 4 Assume that each v; is independently drawn from Generalized Gamma Dis-

tribution with parameters (a,d,p) = (1, ﬁ, Z—:;) where general density of this distribu-

. . . ajd_ 67(%)17
tion is given by (%;(—d)

P

>, x > 0. That is, each v; is independently drawn from a

1 Again, this makes sure that g; s are density



distribution function with density

flz) = (Z:;) (r(l )> 25 exp (—x%) forz > 0.

1
n—1

Then, the joint density will be

n—l n 1 " 3:,2L 3:75 n:l n:é
g (v, v,) = (n—?) F(ﬁ) v v T exp (— (vl + .t ))

for vy, ...,v, > 0. That is, g (x) = ( L ) (2=1)" exp (— (x)) when x > 0. Note that

o0

/exp(—(x))x#_ldg; T (nL) <F(%)>n (Z:;)n

0

3 Efficiency of Auction with Points

As we have argued, auctions with points have been used in practice, as in the course bid-
ding system in business and law schools, for allocating objects to agents when monetary
transfers are not possible. Therefore, it is important to understand how this mechanism
performs in terms of welfare of agents compare to ordinal mechanisms, where agents
report their ordinal rankings over objects and based on these reported preferences an
allocation is determined.!?

To make the comparison, it will be sufficient to consider the so-called Ranking mech-
anism due to the main result of Akyol (2020). The Ranking mechanism works as follows.
Each object is assigned to the agent who ranks that object at a lower spot (that is, who
has a higher preference ranking) and if some agents rank the object at the same place, ob-
ject is given to each agent with equal probability. For example, assume that n = 3, m = 2
and first agent’s strict ordinal ranking over objects {01, 02,03} is given by 0; = 02 > 03
and agent 2’s strict ordinal ranking is o3 > 02 > 0;. Under the Ranking mechanism, oy
is allocated to agent 1,03 is allocated to agent 2 and oy is allocated to each agent with
probability %

By the main result of Akyol (2020), the Ranking mechanism has strong welfare supe-
riority to other ordinal mechanisms.

Proposition 4 Akyol (2020) When each agent draws his valuation vector from an
exchangeable distribution function, then every type of agent has a higher interim payoff
under the Ranking mechanism compare to any other anonymous, neutral and incentive
compatible ordinal mechanism.

Now, this result at hand, we are going to compare the Blotto mechanism with the
Ranking mechanism. First, it is easy to see that when n = 2, the outcome of the Colonel

12As we have discussed in the Introduction, ordinal mechanisms are predominantly used in many
real-life allocation problems.



Blotto game is equivalent to the Ranking mechanism. Therefore, we will restrict attention
to the case n > 2. When each agent draws his valuation vector from an exchangeable
distribution function!? as is the case in the distributional assumptions in which we obtain
equilibrium in closed-form for the Colonel Blotto game, the interim probability of an
agent to receive his k' choice under the Ranking mechanism is given by

2n — 2k +1

P]:ank — 5

To see this, note that an agent, say agent 1, will obtain his k' choice object with prob-
ability 1 if the other agent ranks this object as his j** choice for j > k which happens
with probability ”T_k and will obtain his £** choice object with probability % if the other
agent ranks this object also as his k" choice which happens with probability % If the
other agent ranks this object as his j** choice for j < k, agent 1 can not obtain his &*"

choice. Hence,
n—k 1 1 2n-2k+1

Pk =1 x

n 2 n 2n
We start with the case when n = 3.

Assume that agents’ values are independently drawn from some distribution as in
Proposition 2. Consider an agent with type (vy, v, v3). Then, this agent’s interim payoff
under the Blotto mechanism is

3
HBlOttO (Ul, Va2, U3) = Z Pr Ui2 B > VVZ? B U;
vitovs+ud T WE4+WE4 W2

=1

Then, by the Lemma 1 in Appendix C, we have that

HBlotto (Ula s, U3)

3
3 vy

= V;
— \ v} + 03 + 03

3 2
U;

v? + v3 + v2

=1
= /vi+vi+03

and this agent’s interim payoff under the Ranking mechanism is

Iren* (Ul, Vg, U3)

1
= 6 (5@1 + 31)2 + 'Ug)

since when n = 3, for each k € {1,2,3}

ran 7—2k

13That is, when valuations are drawn from a distribution that is invariant under permutations of its
arguments.




We want to investigate the sign of \/vf 4 v3 + v — & (5v1 + 3vz 4 v3), or, equivalently

2
the sign of (v + v3 + v3) — %_

(5v1 + 3vg + 'U3)2
36

= (111}% + 271}; + 35U§ — 30v1v9 — 10v7v3 — 62}21}3)

2 2 2
V] + vy +v3 —

((v1 = 503)* + (v2 — 3v3)” + (Bv1 — 5va)? + (v} + 05 +v3))

[
SE

v

Therefore, we have the following result.

Proposition 5 Under the distributions considered in Proposition 2 , every type of every
agent has a higher interim payoff under the Blotto mechanism compare to any anonymous,
neutral and incentive compatible ordinal mechanism when n = 3.

Hence, we deduce that the Blotto mechanism is welfare superior to other ordinal
mechanisms in a very strong sense.
Same result holds for the case when n > 3.

Proposition 6 Under the distributions considered in Proposition 3, any type of any
agent has a higher interim payoff under the Blotto mechanism compare to any anonymous,
neutral and incentive compatible ordinal mechanism when n > 3.

Proof. See the Appendix. =

Hence, the Blotto mechanism has a welfare superiority over ordinal mechanisms in a
very strong sense—every type has a higher interim payoff under the Blotto mechanism.
Therefore, “fake market” environment seems promising to improve upon widely used
ordinal mechanisms in terms of welfare.

4 Conclusion

We have considered the problem of allocation multiple objects to agents via an auction
with points, which is equivalent to the classical Colonel Blotto game, under incomplete
information. Although it is in general hard to come up with closed form expressions when
there is multi-dimensional incomplete information, we are able to solve and obtain simple
expressions for the equilibrium of this game for a class of value distributions. In addition,
we have established a strong welfare superiority of this allocation mechanism to other
ordinal mechanisms which are dominantly used in many real-life applications. Hence,
creating “fake market” seems a promising method as it is welfare superior to widely-used
ordinal allocation methods when prices/monetary transfers cannot be used.

10



A Proof of Proposition 2

Lemma 1 Define a random wvariable U = #&v” where (Vi,Va,V3) is distributed
1 2 3

according to a continuous distribution function that has density of the form g (vy,ve, v3) =
g (v} +v3 +v2)) for some measurable function g on R, such that

T 1 4

q 2dr = —.
/g(x)x2 x pu
0

Then, U is distributed according to F (u) = uz with support [0,1].

2
PI‘OOf. Let V == ‘/f+“;—22-|—‘/32 and W e ‘/12 + ‘/22 + ‘/:32'
Now,
Vi = UW
Vi = VW

‘/32 - (1_U_V)W7

or,
V, = U:W2
V, = ViWs
Vi = (1-U—-V)2W:
Then,
1111 11
h(u,v,w):g(u2w2,v2w2,(1—u—v)2w?)det(J),
where
%u‘éw% 0 %u%w_%
J = 0 %U‘éw% %v%w_%
—%(1—u—v)_%w% —%(1—u—v)_%w% %(1—u—v)%w_%
Hence,

11



where 0 < u,v <1, u+v <1l,w>0
Hence,
1

1 1
h (U,'U, w) = _g (w) w2 101 1
8 uzvz (1 —u—v)?2

for 0 <wu,v<1l,u+v<1l,w>0. Now,

[ 1
hlu) = /%<uév§(1—u—v)%>dv

for 0 < u < 1. Hence,

which proves the lemma. m
Proof. (of Proposition 2) Assume that Player 2 follows the given strategy. Assume
that Player 1 has values (v1, v, v3). Then, he solves

w? w3
max Pr (b, > ﬁ v+ Pr| by > ﬁ vy +
0<b1,b2<B wy + w; + w3 wy + wy + w3

w2
Pr{B—b—by > — 3
+ r( ! Z_w%+w%+w§)vg

Then, by above Lemma, the problem becomes

NG

1 1
3 3 o
oggl,%gng bivy + bive + (B — by — by)

U3

FOC: ) X
b1_§U1 = (B — bl — bg)_§ U3

and ) )
b2_§7)2 = (B — b1 — bg)_E V3.

12



Hence,

and
02
B—b—by=b (-3)
U1
Thus,
B = by +by+(B—b —b)
v3 v3
= b (1 2 3
(@) (@)
v+ vd + 2
= b 5
U1
Hence,
vt
by = 2 2 2
v + V5 + v3
and )
by = kb

Hence, (3 (.) is a best response to itself , giving the desired result. m

B Proof of Proposition 3

n—1
n—2
Lemma 2 Define a random variable Uy = ——+———, where (V1, ..., V,,) is distributed
Vln—2 +.“+Vnn—2
according to a continuous distribution function that has density of the form g (vy, ...,v,) =

n—1
—

o n—1
[vl‘..vn]iﬁ g ((vl""’ + .ot oy 2)) for some measurable function g on R, such that

Then, Uy is distributed according to F (u) = wT with support [0, 1].

13



= n-1
Proof. Let for any i € {2,...,n — 1}, define U; = —=*——= and let W = V"> +

Vln—Q ++Vnm

n—1
..+ V"7 Now,
n—1
‘/ln—Q — UlW
n—1
| VY
n—1
Vo = (1-Up— ..~ U, )W,
or,
n—2 n—2
‘/1 = U1n71Wn—1
”n72 n—2
Vi1 = 7:L:11W'n—1
Ve = (1=Uj— .. —Uy_y)nt Wi,
Then,
h (ub o Up—1, U))
n—2 n—2 =2 n—2 n—z n-2
=g (uf twetLur T jwe (1 — Uy — e — Upg )T wn—1> det (J)
Now,
—92\" w7k
dor)= (122) 1
e up s (L —ug — s — Upq) T
Hence,
h(ug, .., tp_1,w)
n—2 n—2 n—2 n n—2 n—2
= glutwr L jwe (L — Uy — s — Upg) T wn L | %
n—2\" w2
(n - 1) T AT i
up T (T — g — e — Uy ) T
= [ug.tty 1 (1 —up — ... — un_l)]% (w”%) g (w) *
n—2\" w D
(n — 1) = !
up T (1= g — e — Uy ) T
n—2\" 2-n _ 1
= ((n — 1) ) [Ul...un,1 (1 — Uy — ... — un,l)]”*l g(w) wn-1,

14See Lemma for a proof of this

14



Then,

B (s tin 1) = (7§(w)wnlldw ((Zj)n) gt 1 (1= 1ty — oo — 1y 1)] o8

for 0 < wy...,
parameters (

Up—1 < 1, u1 + ... + u,—1 < 1. But, this is a Dirichlet Distribution with
ﬁ, ﬁ, o ﬁ) and hence

1

Hu)=u1, 0<u<1

Y

which proves the lemma. m
Proof. (of the Proposition 3) Assume that Player 2 follows the given strategy. Assume
that Player 1 has values (vy, ..., v,). Then, he solves

max PI‘(bl ZXI)U1+...+PI'<B—b1—...—bn_l ZXn)Un
Ogblau-bnflgB
bit+...4+bp—1<B

where for all i € {1,...,n}

n—1
n—2
7

w
n—1 n—1 n—1"*

w Fwy Tt L wy

X; =

Then, by above Lemma, the problem becomes

1
1
-1

max b 'yt ..+ (B—=b— ... —by1)" Ty,
0<by,...bn—1<B
bi+...+bn—1<B
FOC:
2-n 2—n
n—1 1
bl v = (B—bl—...—bnfl)”_l Un
2—n 2—m
n—1 1
n—1Un—-1 = (B — bl — . bnfl)"_l Un-
Hence,
n—1
n—2
v
7
bl - bl 1
n—2
U1

15



for all i € {2,..,n — 1} Thus,

n—1 n—1
/U2 n—2 U'n, n—2
B = b 1+<—) +.o.+ | —
U1 (%1
n—1 n—1 n—1
—2 — 3
- (O e T o V)
- bl n—1
)
Uy
Hence,
n—1
—2
,Un
1
bl =B n—1 n—1 n—1
e S P
and similarly others. m
Lemma 3 (Determinant of Jacobian)
1
n—2\" w e
det (J) = . - - -
n — 1 Py 1
up T (T — g — s — Upq) T
Proof. Now,
r n—2 n—2 -
n—=z_1 n—2 n—2
—2 z=2 2 -1, =29
”—zuf T Tpn=1 0 0 . 0 ”—zuf Layn=1
n—1 2 n—1 n—
0 —"’fuz"jilw% 0 . 0 —”’%u;jwzj_l
n— n—
J =
n—2 n—2
2—=_1 n—2 n—=2
-2, n= = |
0 0 RZyn ) wnet B2 e
n—2 n—2 n—2 n—2
—=—1 —2 —=—1 -2 —=—1 —2 Lz -2
L T R T T e LTI
L n— n— n— n— -
, where u,, =1 —u; — ... — u,_1. Denoting J = (ai,j)zjzl
n
n+i
det (J) = E <_1) a/n,iMn,iv
i=1

where M, ; is the determinant of the (n — 1) x (n — 1) matrix obtained from .J by deleting
n-th row and ¢ — th column. Now, forall 1 <i<n—1

—2
Z 11
n—1 n 2
i—1 n — 2 n:2 n—2__ (n—2)
Mnﬂ; = (_1)n+l ( 1) (uz’n lwn—l 1 Hu] w n—1
n —
J=1
J#1
and ,
ne
n 2 n—1 n—1 nflil
— n—2
M, = (n_1> 11w w
=1



det (J)
n .
— Z (_1>n+z Qp, 'L'Mn,i
i=1
n—1
n — 2 n—2 n—2
— | - L—ug — oo —Up_q)mt twnt || %
> (- (PR 0w )
e
. —9 n—1 n-2 n (n_2)2
(_1)n+z 1 (Z — 1) uln71wn7§ 1 Hu] w n721 +
j=1
J#i
n—2 2 2 n—2\"" [ e
_ n= n—z g — n—
|:(n_1>(1_u1_ — Up—1)" W ] (n—l) (Jl_[luy) w"?
[ n — 2 " n—2__ n—2__ n—2 1
— < 1> (1 — U’l J— — un—l)n71 (ul un_l)nfl wn—1 :| k
n J—
[ -2 22 n—2
wr 1T (U At Upg) F W (L —ug — s — Upq)
[ — 2 " n—2 n-2__ n— 1
= <n 1> (1 — Uy — — Up 1)"_? (Ul...un,1>”_% U}"*i_l *
n J—
[w(” 2) (ug + oo + Upq) + 0" 2 (1 —up—...— un_l)]
—2\" n-2_ n=2_ 4 n-2_|
= <n 1> (1—uy —...— un,l)nj (ul...un,l)nj wn=t ! [w(”_z)]
n J—
n — 2 n n—2_ n—=2_ L—271+(n72)
= ] (1= — o —Upg)™ 1 (Ugeelhyyq) L Wt
n —_—
n—2\" wD s
- (n — 1) ! 1 1
Py (=g — o= Uy )

C Proof of Proposition 6

Proof. Now, consider a bidder with type (vy, ..., v,). Then, his expected payoff

n—1 n—1

n ) n—2
v |/[/.
Blotto 1 i
II (U1, ey V) = g Pr > U;
i=1

n—1 n—1 n—1 n—1
n—2

v o WP LW

17



Then, by the lemma below, we have that

HBlottO (Ula " vn)

and
IT® (vy, . 0,) = ipﬂfi
i=1
& 1 [
= Z(%* )
= (1+1> iv- . iw
- \2n i=1 Z " \i= Z
il ()5
2n< n izlv izlw
Now,

d(v1,..,0)
= PP (g, 0,) — 7 (vy, . 0y)

n—1 n—1 Zij 1
= (Uf ? +...+vﬁ’2> o ( (2n+1) (sz> -2 (Zm))

We claim that d (vy,..,v,) > 0 for all v =(vq,..,v,) € [v,7]" for any © > v > 0 and
v > Uy > ... > v,. To do this we will show that

n—l n—1 :_i 1 n
] n—2 _ _ .
o< (e ) g (e (£0) 2 (E0))

18



Note that

min
V2V 2022 2V 20

v

(

1

n— n—1

1
T B

n—2
) n—1

n—1 n—1 % n n
> i n—2 n—2 o B -
[ (o) e (S0) 2 (S
- 1 1 7L7% n B n B
> i =2 4 2 b - -
- [ (o) (e (1) (80|

Actually, it is easy to see that last two problems are equivalent, but weak inequality is

sufficient for our purpose.

Now, to show the desired result we will concentrate on the last

minimization problem. First, observe that

0
8vid(vl,..,vn)
1 n—1 n—=1\  n—-1 2n+1 7
= v v+ .. o — —
‘ ( ! " 2n n
1
B (e 2n+1 1
(vf‘2 + .. +v;;‘2)
o? 1 1 1 n—1 no1\ Tao1
d(vi,..,v,) = — vt (v”2 +...—i—v"2)
0v;0v; T n—27 " 1 "
< 0
82
—d (v1, .., v,)
2 y o0 Un
ov;
1 3-n n—1 n—1 _ﬁ 1 _2 n—1 n—1 =
n—2 n—2 n—2 n—2 n—2 n—2
= n—2vi (vl + ...+ vn ) _n—2U’ (vl + ...+ vn >
1 3—n n—1 n—1 —at n—1 n—1 n—1
= — 21)2-”’2 (1)1"2 + ...+ Uﬁ2> {(vfz + ...+ U{Zz) - vinz}
> 0
=
For a given v_; # 0, a% (d(vy,..,v)) = — Y — T~ 2’5:1 +% < 0forv; =0

—2 —2
<v1" +etuy

since ¢ < n, then the minimizing v; for a given v_; # 0 is such that it solves

o + 1
e

2n n



Furthermore, for v_; = 0, the minimizing v; = 0 since for v_; = 0, minimization problem
becomes
. 1 .
min v; — o [(2n + 1) — 2i] v

v; >0 n
or
) < 2n +1 — 22’)
miny; | 1 — ——
v; >0 2n
i (22’ — 1)
min v;
;>0 2n
Since (%) > 0, minimizing v; = 0.

Given these suppose that minimizing v # 0. That is, there is some j such that v; # 0.
But then, by above observation v; # 0 for all i # j.
Now, then each 7 satisfies

1
1 n—1 n=1\ "~ n-1 2n + 1 7
(e N P TV SV — +—-=0
2n n
or
1 n—1 n—1Y\ n—-1 27L + 1 1
e O TTT = - —
2n n
1 — .
n—2 n _
Y; _ _2n n
LT ol j
an— 2n n
2n+1 i n—2
& 2n n
2n+l _ J
U] 2n n
Hence,
2n+1 i\ "2
_ 2n n
vz—vl(%+1 l) g4 >1
2n n
or 9
2n+1—2i\"
V; = V1 ST— g4 >1

20



Then, the objective function d (., ..,.) becomes:

n—2

s 7 2n —1

=1

1 _ 2n—2Z+1 n—2 n 277;—21,—'—1 n—2
2n<(n+ )<;U1( 2n -1 ) ) (;w( 2n — 1 ) >>

n—2

= ﬁ <i (2n —2i + 1)”1> m B % (i (2n 1 20) (20— 2i + 1"

=1

n—2

) ﬁ <Z (2n =20+ UM) - % (Z (2n — 2i + 1)”1)

=1

e 11;“‘2 e | (i en—2is1y) - (i (2n — 2i + 1)”1>

i=1

= (2n — 12)]22 (2n) (Z (2n — 2i + 1)"—1) " o — (Z (n— 2%+ l)n—l pry

=1 1

Note that the term in the first bracket is positive. =
1
Claim 1 |20 — (X7, (20— 20+ 1)" )™ | >0 forn >3

Proof. We want to show

n

2n)"" >3 (@2n—2i+1)"!

or

21
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since

n—it1 3
"t = / (n—i+ W' (n—i41— u)n_l} du
0
1

2 1 n—1
> /2(n—i—|—§> du
0
1 n—1
- o)

where strict inequality is due to the fact that f () = "' is a strictly convex function.
Thus,

n—i+1

n 1 n—1 n
- < t"Ldt
(n z+2) > /

= / "t

S ©

which is what we wanted to show. Thus, the value objective function is positive when
v1 > 0 but note that the value of objective function is 0 when v = 0. Hence, the minimum
is achieved at v; = v; = 0 for all 4, j giving that for all v

d(vi,..,v,) >0
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